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Abstract 

Let G be a graph, and S a set of vertices of G. Denote by X(S) the maximum 
number £ of pairwise edge-disjoint trees Ti, T 2 , • • • , Tg in G such that V{T{) D S for 
every 1 < % < I. Then the generalized /c-cdgc-conncctivity Afc(G) of G is defined as 
Afe(G) = min{X{S)\S C V(G) and \S\ = k}. Thus A 2 (G) = A(G). In this paper, 
sharp upper and lower bounds of Aa(G) are given for a connected graph G of order 
n, that is, 1 < Aa(G) < n — 2. Graphs of order n such that Aa(G) = n — 2, n — 3 are 
characterized, respectively. 

Keywords: edge-connectivity, edge-disjoint trees, generalized edge-connectivity. 
AMS subject classification 2010: 05C40, 05C05. 

1 Introduction 

All graphs considered in this paper are undirected, finite and simple. We refer to the 
book p] for graph theoretical notation and terminology not described here. 

The generalized connectivity of a graph G, which was introduced by Chartrand et al. in 
[2], is a natural and nice generalization of the concept of (vertex) connectivity. Let G be a 
nontrivial connected graph of order n and 2 < k < n. For a set S of k vertices of G, let k(S) 
denote the maximum number I of edge-disjoint trees T±, T2, ■ ■ ■ , Tg in G such that V(Ti) n 
ViTj) = S for every pair i,j of distinct integers with 1 < i,j < £ (Note that the trees 
are vertex-disjoint in G \ S). A collection {Ti, T2, • • • , Tg} of trees in G with this property 
is called an internally disjoint set of trees connecting S. The generalized k- connectivity, 
denoted by Kfc(G), of G is then defined as Kfc(G) = min{K(S)\S C V(G) and \S\ = k}. 
Thus, K 2 {G) = k{G). 

As a natural counterpart of the generalized connectivity, recently we introduced the 
concept of generalized edge-connectivity in [9]. Let \{S) denote the maximum number t 
of pairwise edge-disjoint trees Ti, T2, • • • , Tg in G such that V{Ti) 5 S for every 1 < i < I. 
Then the generalized k- edge- connectivity Afc(G) of G is defined as Afc(G) = min{X(S)\S C 
V(G) and \S\ = k}. Thus A 2 (G) = X(G). 

*Supported by NSFC No.11071130, and RGCHK Project No. CityU 9041382. 
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In addition to being natural combinatorial measures, the generalized connectivity and 
generalized edge-connectivity can be motivated by their interesting interpretation in prac- 
tice. For example, suppose that G represents a network. If one considers to connect a pair 
of vertices of G, then a path is used to connect them. However, if one wants to connect 
a set S of vertices of G with \S\ > 3, then a tree has to be used to connect them. This 
kind of tree with minimum order for connecting a set of vertices is usually called a Steiner 
tree, and popularly used in the physical design of VLSI, see [UJ. Usually, one wants to 
consider how tough a network can be, for connecting a set of vertices. Then, the number of 
totally independent ways to connect them is a measure for this purpose. The generalized 
fe-connectivity and generalized /c-edge-connectivity can serve for measuring the capability 
of a network G to connect any k vertices in G. 

There have been many results on the generalized connectivity, see [2j [3j [TO], [5j [6j [8] . 
In [9] we obtained some results on the generalized edge-connectivity. The following results 
are restated, which will be used later. 

Lemma 1. f^j For every two integers n and k with 2 < k < n, \k(K n ) = n — \k/2\. 

Lemma 2. [ffjj For any connected graph G, X^(G) < A(G). Moreover, the upper bound is 
sharp. 

In 0], we characterized graphs with large generalized 3-connectivity and obtained the 
following result. 

Lemma 3. Let G be a connected graph of order n. Then k^{G) = n — 2 if and only if 
G = K n or G = K n \ e. 

Like [1], here we will consider the generalized 3-edge-connectivity. In Section 3, sharp 
upper and lower bounds of A3(G) are given for a connected graph G of order n, that is, 

1 < ^(G) < n — 2. Graphs of order n such that \^,{G) = n — 2, n — 3 are characterized, 
respectively. 

2 Preliminary 

For a graph G, let V{G) and E(G) denote the set of vertices and the set of edges 
of G, respectively, and |G| and ||G|| the order and the size of G, respectively. If M is a 
subset of edges of a graph G, the subgraph of G induced by M is denoted by G[M]. As 
usual, the union of two graphs G and H is the graph, denoted by G U H, with vertex set 
V(G) U V(H) and edge set E{G) U E(H). Let mH be the disjoint union of m copies of a 
graph H. For W C V(G), we denote G\W the subgraph by deleting the vertices of W 
together with the edges incident with them from G. If S is a subset of vertices of a graph 
G, the subgraph of G induced by S is denoted by G[S]. If M is the edge subset of G, 
then G\M denote the subgraph by deleting the edges of M. If M = e, we simply write 
G \ e for G \ {e}. We denote by E[X, Y] the set of edges of G with one end in X and the 
other end in Y. If X = {x}, we simply write E[x, Y] for A subset M of E(G) 

is called a matching of G if the edges of M satisfy that no two of them are adjacent in G. 
A matching M saturates a vertex v, or v is said to be M -saturated, if some edge of M is 



2 



incident with v; otherwise, v is M -unsaturated. M is a maximum matching if G has no 
matching M' with \M'\ > \M\. 

Lemma 4. Let G be a connected graph with minimum degree 5. Then A 3 (G) < S. In 
particular, if there are two adjacent vertices of degree 5, then A 3 (G) < 5 — 1. 

Proo/. We know that X(G) < 5 and A 3 (G) < A(G) by Lemma 2. So A 3 (G) < 5. 

Suppose that there are two adjacent vertices v\ and V2 of degree 5 and A 3 (G) = 5. 
Besides v\ and t>2, we choose a vertex u 3 in V(G \ {t>i,i>2}) to get a set S = {vi,V2,Vz}. 
Suppose Ti,T2, • • • ,7$ are (5 pairwise edge-disjoint trees connecting 5. Since G is simple 
graph, obviously the 6 edges incident v\ must be contained in T\,T2, ■ ■ ■ ,T$, respectively, 
and so are the 5 edges incident V2- Without loss of generality, we may assume that the 
edge v±V2 is contained in T\. But, since T\ is a tree connecting S, it must contain another 
edge incident with v\ or V2, a contradiction. Thus A 3 (G) < 5 — 1. □ 

Lemma 5. If G is a graph obtained from the complete graph K n by deleting an edge set 
M and A(K n [M]) > 3, then A 3 (G) < n - 4. 

Proof. Suppose that A 3 (G) > n — 3. Since A(K n [M]) > 3, there exists at least one vertex, 
denoted by v, such that dx n [M]( v ) ^ 3. Then dc{v) = n — 1 — d Kn [ M ^(v) < n — 4. So 
5(G) < dc(v) < n — 4. From Lemma 4, A 3 (G) < 5(G) < n — 4, a contradiction. □ 

Lemma 5 indicates that if A 3 (G) > n — 3, then each component of -ftr n [M] must be a 
path or a cycle (Note that an independent edge is also a path of length 1). 

Now we state a useful Lemma for general k, although we only consider the case for 
k = 3 in this paper. 

Let S = {ui, U2, • • • , Uk} C V(G) and W = V(G) \ S = {w±,W2, • • • , w n -k}- Then let 
A be a maximum set of edge-disjoint trees in G that connect S. Let A\ be the set of trees 
in A whose edges belong to E(G[S]), and let A2 be the set of trees containing at least one 
edge of E[S, W]. Thus A = A\ U A2. For a tree T connecting S in G, if T G Ai, we call it 
a tree of Type /; if T G A2, we call it a tree of Type II. 

Lemma 6. Let S C y(G), \S\ = k and T be a tree connecting S. If T € A\, then 
T uses k — 1 erfges 0/ E(G[S]) U -E[5, W]; If T £ A2, then T uses at least k edges of 
E(G[S]) U E[S, W). 

Proof. It is easy to see that for each T in A\, T uses k — 1 edges in ^(GfS"]), namely, T 
uses k - 1 edges of E(G[S]) U E[S, VF]. 

For T G ^2 5 by deleting all the vertices of T in W, we obtain some components of T in 
S, denoted by C\, G2, • • • , C s . Let |Gj| = ki. Then ||Cj || = ki — 1 and X^i=i(^« — 1) = k — s. 
Since there exists at least one edge of T between each Gj and W, where 1 < i < s, T uses 
at least {k - s) + s = k edges in E(G[S\) U VF]. □ 

3 Graphs with 3-edge-connectivity n — 2, n — 3 

The following observation is easily seen from definition. 
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Observation 1. If G be a connected graph, then Kk(G) < Xk(G) < $(G). 

After the preparation of the above section, we start to give our main results of this 
paper. 

Theorem 1. For a connected graph G of order n, 1 < Xs(G) < n — 2. Moreover, the 
upper and lower bounds are sharp. 

Proof. It is easy to see that As(G) < Xs(K n ). From this together with Lemma 1, we have 
^(G) < n — 2. Since G is connected, then \3(G) > 1. The result holds. 

One can easily check that the complete graph K n attains the upper bound and the 
complete bipartite graph K\^ n _\ attains the lower bound. □ 

The following result is very similar to Lemma 3 for the generalized 3-connectivity, but 
the proof for the edge case is different. 

Theorem 2. For a connected graph G of order n, A3(G) = n — 2 if and only if G = K n 
or G = K n \ e, where e € E{G). 

Proof. If G = K n , then A3(G) = n — 2 by Lemma 1. If G = K n \ e, then it follows 
by Observation 1 and Lemma 3 that As(G) > H3(G) = n — 2. From this together with 
Theorem 1, A 3 (G) = n - 2. 

On the other hand, we will show that if G ^ K n , K n \ e, then X-s(G) < n — 3. Actually, 
we only need to show that As(G) < n — 3 for a graph G obtained from the complete graph 
K n by deleting any two edges. Let G = K n \ {ei,e 2 }, where e\,e2 € E{K n ). It is easy 
to see that e± and e2 form a path of order 3 (Figure 1 (a)), or e\ and e2 are independent 
edges (Figure 1 (6)). First, we consider the former case. Let P3 = x,y,z, S = {x,y,z}, 
and W = G \ S. Then \E[G[S\) U E[S, W]\ = 3(n - 3) + 1. Since xy,yz £ E{G), there 
exists no tree of Type /. So each tree connecting S must belong to Type //. From Lemma 
6, each tree of Type 77 uses at least 3 edges in E(G[S]) U E[S, W]. So 3(n — 3) + 1 edges 
form at most 3(n ~ 3 3)+1 trees. Thus A 3 (G) < \A\ = \Ai\ + \A 2 \ = + \A 2 \ < 3(n ~ 3)+1 and 
As(G) = n — 3 since Xs(G) is an integer. 




(a) (6) 
Figure 1. The two cases for G = K n \ {e±, e 2 }- 

Next we consider the latter case. Let e\ = xy, e 2 = zw±, S = {x, y, z}, and W = G\S. 
So wi G W and \E(G[S]) U E[S,R}\ = 3(n - 3) + 1. If xz and yz form a tree in A x , 
then the tree use 2 edges in E(G[S]) U 2£[5, W] and the remaining 3(n — 3) — 1 edges 
in E(G[S]) U E[S,W] form at most 3(n ~ 3) " 1 trees of Type //. So L4| = + \A 2 \ < 
1 + 3 ^ n 3 3 ^ 1 and As(G) < \A\ < n — 3 since \z(G) is an integer. If xz and yz do 
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not form a tree in A±, then all the edges of E(G[S]) U E[S, W] can only form a tree of 
Type II connecting S. Prom Lemma 6, each tree of Type II uses at least 3 edges in 
E(G[S}) U E[S, R]. Thus A 3 (G) < \A\ = \A 2 \ < 3(n ~ 3 3)+1 and X 3 (G) < n - 3. □ 

For the generalized 3-connectivity, we got the following result in [3]. 

Theorem 3. LetG be a connected graph of order n (n > 3). Then k 3 (G) = n — 3 if and 
only if G is a graph obtained from the complete graph K n by deleting an edge set M such 
that K n [M] = P 4 orK n [M] = P 3 UP 2 or K n [M] = C 3 UP 2 or K n [M] = rP 2 (2<r< [f J). 

But, for the edge case the statement is different. 

Theorem 4. Let G be a connected graph of order n. Then X 3 (G) = n — 3 if and only 
if G is a graph obtained from the complete graph K n by deleting an edge set M such 
that K n [M] = rP 2 (2 < r < [§ J) or K n [M] = P 4 U sP 2 (0 < s < [^\) or K n [M] = 
P 3 UtP 2 (0<s< L^J) or K n [M] = C 3 U tP 2 (0 < s < [^\). 

Proof. Sufficiency: Assume that X 3 (G) = n — 3. Then \M\ > 2 by Theorem 2 and each 
component of -fT n [M] is a path or a cycle by Lemma 5. We will show that the following 
claims hold. 

Claim 1. K n [M] has at most one component of order larger than 2. 

Suppose, to the contrary, that i^ n [M] has two components of order larger than 2, 
denoted by H\ and H 2 (See Figure 2). Let x,y € V{H\) and z £ V(H 2 ) such that 
dH 1 {y) = dn 2 {z) = 2 and x is adjacent to y in Hi. Pick S = {x, y, z}. Since G = K n \ M, 
we have dc(y) = dK n (y) — dn^y) = n — 3. The same is true for z, that is, dc(z) = n — 3. 
This implies that 5(G) < n — 3. Since all other components of K n [M] are paths or cycles, 
6(G) > n — 3. So 5(G) = n — 3 and dc(y) = dc(z) = 5(G). Since yz G E(G), by Lemma 

4 it follows that X 3 (G) < 5(G) — 1 = n — 4, a contradiction. 

//;," V/2 

•r * 

y "\ / z 
'"• •"" 

Figure 2. Graphs for Claim 1 (The dotted lines stand for edges in M). 

Claim 2. If H is the component of -fT n [M] of order larger than 3, then if is a 4-path. 

Assume, to the contrary, that H is a path or a cycle of order larger than 4, or a cycle 
of order 4. 

First, we consider the former. We can pick a P5 in H. Let P5 = v±, v 2 , v 3 , V4, t>5, 

5 = {^2,^3,^4} and W = G \ {v 2 , v 3 , v^} (Figure 3 (a)). Since v 2 v 3 , ^3^4 ^ -£'[5'], there 
exists no tree of Type I connecting 5. From Lemma 6, each tree of Type II uses at 
least 3 edges. Since \E(G[S]) U E[S,W]\ = 3(n - 3) - 1, we have \A 2 \ < ^hz^hl an d 
\A\ = \A 2 \ = n — 4 since X 3 (G) is an integer. This contradicts to X 3 (G) = n — 3. 

Now we consider the latter. Let H = vi,v 2 ,v 3 ,v/i be a cycle, and S = {t>2,^3, ^4} 
(Figure 3 (&)). Since v 2 v 3 ,v 3 v/i £ E[S], there exists no tree of Type I. Since each tree of 
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Type II uses at least 3 edges by Lemma 6 and |£(G[S]) U E[S, W]\ = 3(n — 3) — 1, we 
have 1^4-2 ! < 3 ^ n 3 3 ^ 1 and \A\ = \A 2 \ = n — 4, which also contradicts to A 3 (G) = n — 3. 

From the above two claims, we know that if if n [M] has a component -P4, then it is the 
only component of order larger than 3 and the other components must be independent 
edges. Let s be the number of such independent edges. if n [M] can have as many as 
such independent edges, which implies that s < L^^^J ■ From Theorem 2, s > 0. Thus 

o< s < l^J. 

By the similar analysis, we conclude that G is a graph obtained from the complete 
graph K n by deleting an edge set M such that K n [M] = rP 2 (2 < r < [§J) or K n [M] = 



p 3 utp 2 (o<t< LVJ) or R n[M] = C 3 UtP 2 (0 < 



P4USP2 (0 < s < L^J) or K n [M] 

t< L^J). 

Necessity: We will show that A 3 (G) > n — 3 if G is a graph with the conditions of 
this theorem. We have the following cases to consider. 

Case 1. K n [M] = C 3 U tP 2 (0 < t < L^J) or K n [M] = P 3 UtP 2 (0 <t < L^J)- 
We only need to show that A 3 (G) > n - 3 for t = Y n ^\- If h(G) > n - 3 for 
K n [M] = C 3 U [^\P 2 , then A 3 (G) > n - 3 for K n [M] = P 3 U L^J-Ps- So we only 
need to consider the former. Let C 3 = v±,v 2 ,v 3 and 5 = {x,y, z} be a 3-set of G and 
Mi = M \ E(C 3 ). Since K n [M] \ V(C 3 ) has [^J independent edges, M 1 is a maximum 
matching of G \ V(C 3 ). Then G \ V{C 3 ) has at most one Mi-unsaturated vertex. 





x(f 2 ) W 2 
A r 3 V 1 • V 3 



IWj 2 y Wi Z y 

W (&) (c) (d) 

Figure 4. Graphs for Case 1 




If S = V(C 3 ), then there exist n — 3 pairwise edge-disjoint trees connecting S since 
each vertex in S ia adjacent to every vertex in G \ S. Suppose S ^ V{C 3 ). 

If \S n V(C 3 )| = 2. th en one element of S belongs to € V(G) \ F(C 3 ), denoted by z. 
Since dc(vi) = dc(v 2 ) = cIg(v 3 ) = n — 3, we can assume that x = v±, y = v 2 . When z is 
Mi-unsaturated, the trees Tj = W{X U Wiy U W{Z together with T\ = xz U form ra — 3 
pairwise edge-disjoint trees connecting S, where {wi,w 2 , • • • , UV1-4} = V(G) \ {x, y, z, v 3 }. 
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When z is Mi-saturated, we let z' be the adjacent vertex of z under M\. Then the trees 
Tj = WiX U wiy U WiZ together with T\ = xz U yz and T2 = xz' U yz' U z't^ U ZV3 form n — 3 
pairwise edge-disjoint trees connecting S (See Figure 4 (a)), where {wi,W2, ■ ■ ■ ,w n -5} = 
V(G)\{x,y,z,z',v 3 }. 

If |5D V(C 3 )| = 1, then two elements of S belong to G V(G)\V(C 3 ), denoted by y and 
z. Without loss of generality, let x = Vi- When y and z are adjacent under Mi, the trees 
Tj = WiX U u^y U WiZ together with T\ = xy U y^i U Viz and T2 = xzU zv% U i^y form n — 3 
pairwise edge-disjoint trees connecting S 1 (See Figure 4 (6)), where {wi,u>2, ■ ■ ■ ,w n -^} = 
V(G) \ {x, y, z, vi,Vs}. When y and z are nonadjacent under Mi, we consider whether 
y and z are Mi-saturated. If one of {y, z} is Mi-unsaturated, without loss of generality, 
we assume that y is Mi-unsaturated. Since G \ V(Cs) has at most one Mi-unsaturated 
vertex, z is Mi-saturated. Let z' be the adjacent vertex of z under M\. Then the trees 
Tj = WiX U Wiy U WiZ together with T\ = xy U yz and T2 = v±y U t>iz U z'v\ U z'x and 
T3 = U zt>3 U t^y form n — 3 pairwise edge-disjoint trees connecting S (See Figure 
4 (c)), where {101, W2, ■ ■ ■ , = ^(G) \ {x, y, z, z', « 1, V3}. If both y and z are Mi- 

saturated, we let y',z' be the adjacent vertex of y,z under Mi, respectively. Then the 
trees Tj = WiX U w;^ U W{Z together with T\ = xz U yz, T2 = xy U yz' U z'y' U y'z, 
T3 = yv^Uz'v^UzvsUxz' and T4 = yviUy'viUzv iDy'x form n— 3 pairwise edge-disjoint trees 
connecting S (See Figure 4 (d)), where {w±,W2, • • • , = V(G) \ {x, y, z, y' , z' , v\, V3}. 

Otherwise, S C G \ V(C3). When one of {x,y, z} is Mi-unsaturated, without loss of 
generality, we assume that x is Mi-unsaturated. Since G \ V(Cs) has at most one Mi- 
unsaturated vertex, both y and z are Mi-saturated. Let y', z' be the adjacent vertex of y, z 
under Mi, respectively. We pick a vertex x' of V(G)\{x, y, y', z, z', «i, t>2, V3}. When x, y, z 
are all Mi-saturated, we let x', y', z' be the adjacent vertex of x, y, z under Mi, respectively. 
Then the trees Tj = WjX U wiy U uijZ together with Tj = xvj U yvj U zuj(l < j < 3) 
and T4 = xy U yx' U x'z and T5 = xy' U zy' U zy and Tq = zx U xz' U z'y form n — 3 
pairwise edge-disjoint trees connecting S (See Figure 4 (e)), where {w\,W2, ■ ■ ■ ,m„_g} = 
V(G) \ {x,y,z,x',y',z',vi,v 2 ,v 3 }. 

From the above discussion, we get that X(S) > n — 3 for S C V(G), which implies 
^(G) > n — 3. From this together with Theorem 2, we have A3(G) = n — 3. 

Case 2. ifn[M] = rP 2 (2 < r < [§J) or iT n [M] = P 4 U sP 2 (0 < s < L^J)- 
We only need to show that A 3 (G) > n - 3 for r = [f J and s = L^J- If A 3 (C) > 
n - 3 for A' n [M] = P 4 U L^J^2, then A 3 (G) > n - 3 for K n [M] = [f J_P 2 - So we only 
need to consider the former. Let P4 = «i,V2, 173,^4, 5 1 = {x,y,z} be a 3-set of G, and 
Mi = M \ E{P^). Since K n [M) \ V(P 4 ) has L^J independent edges, Mi is a maximum 
matching of G \ V r (P 4 ). It is easy to see that G \ V(P±) has at most one Mi-unsaturated 
vertex. We will show that there exist re — 3 trees connecting 5 in G. 

If S C F(P 4 ), then there exist re — 4 pairwise edge-disjoint trees connecting S since each 
vertex in S ia adjacent to every vertex in G \ V(P/f). Since dc{vi) = dc{vi) = n — 2 and 
dc{v2) = dc{v^) = re — 3, we only need to consider 5 = {^i, V2, v%} and S = {vi, V2, V4}. 
These trees together with T = yv 4 U v^x U t>4Z for S = {vi, V2, V3}, or T = xy U yz for S = 
{vi,V2,Vs} form re — 3 pairwise edge-disjoint trees connecting S. Suppose S n V(P4) 7^ 3. 

If \S n V r (P 4 )| = 2, then one element of S belongs to E V(G) \ V(P 4 ), denoted by z. 
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Since dc(vi) = dcivi) = n — 2 and da (1*2) = <fc(^3) = ^ — 3, we only need to consider 
x = v\, y = t>2 or x = V2, y = V3 or x = v\,y = V4. When z is Mi-unsaturated, the trees 
T = WiX U wiy U WiZ together with T\ = xz U yz, T2 = XV4. U yv^ U zv^ for x = t>i, y = v?, 
or T2 = xv i U «4«x U v\y U for x = V2, y = V3, or T2 = XV3 U yv3 U ZU3 for x = v%, y = V4 
form n — 3 pairwise edge-disjoint trees connecting 5, where {wi,W2, • • • , i^n-s} = \ 
(V(P4) U {2}). When z is Mi-unsaturated, we let z' be the adjacent vertex of z under 
M\. For x = V2,y = V3, the trees T = WjX U Wiy U together with T\ = xz U yz, 
T2 = xz'Uyz'Uz'^Uz^ and T2 = yviUviv^UzviUxv^ form n— 3 pairwise edge-disjoint trees 
connecting S (See Figure 5 (a)), where {w\,W2, ■ ■ ■ ,w n ^e} = V(G) \ {x, y, z, z', V\, V4}. 
One can check that the same is true for x = v±,y = V2 and x = v±,y = 1/4 (See Figure 5 
(6) and (c)). 




Figure 5. Graphs for 5 in Case 2. 



If |5 n y(P 4 )| = 1, then two elements of S belong to G \ V r (P 4 ), denoted by y 

and z. We only need to consider x = v\ or x = V2- When y and z are adjacent under Mi, 
the trees T = WjX U Wiy U together with T\ = xy U zt>i U yt>i, T2 = xz U zi>3 U yt>3 and 
T3 = XU4 U yv^ U zt)4 form n — 3 pairwise edge-disjoint trees connecting S for x = i> 2 (See 
Figure 5 (d)), where {wi,ui2, • • • , = \ {x, y, z, , V3, V4}. The same is true for 

x = v\ (See Figure 5 (e)). When y and 2 are nonadjacent under Mi, we consider whether 
y and 2 are Mi-saturated. If one of {y, z} is Mi-unsaturated, without loss of generality, we 
assume that y is Mi-unsaturated. Since G\V(P4) has at most one Mi-unsaturated vertex, 
z is Mi-saturated. Let z' be the adjacent vertex of z under M\. For x = V2, the trees 
Ti = WiX U Wiy U WiZ together with T\ = xz U yz, T2 = U4X U v±y U U4Z, T3 = v±y U t>iz U zx 
and T4 = z'x U v^y U z't>3 U ZV3 form n — 3 pairwise edge-disjoint trees connecting S (See 
Figure 4 (/)), where {toi, ^2, ■ ■ ■ , Wn-7} = V"(G) \ {x, y, z, z', i>i, v$, V4}. The same is true 
for x = v\ (See Figure 5 (<?)). If both y and z are Mi-saturated, we let y', z' be the adjacent 
vertex of y, z under Mi, respectively. For x = «2, the trees Tj = WiX U w^y U u>jZ together 
with Ti = xz U yz, T2 = yt>3 U zi> 3 U zx, T3 = xv^ U y«4 U zv 4, T4 = y«i U y'«i U zt>i U xy' 
and T5 = xz' U z'y U z'y' U y'z form n — 3 pairwise edge-disjoint trees connecting 5 (See 
Figure 5 (h)), where {w±,W2,--- ,w n -$} = V{G) \ {x, y, z, y', z', v±, V3, V4}. The same is 
true for x = v\ (See Figure 5 (i)). 
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If S C G \ V(Pi), when one of {x,y, z} is Mi-unsaturated, without loss of generality, 
we let x is Mi-unsaturated, then both y and z are Mi-saturated. Let y' , z' be the adjacent 
vertex of y, z under Mi, respectively. We pick a vertex x' of V(G)\{x, y, y' , z, z' , v\, v 2 , V3}. 
When x,y,z are all Mi-saturated, we let x',y',z' be the adjacent vertex of x,y,z under 
Mi, respectively. Then the trees Tj = WixUiViyUwiZ together with Tj = xvjUyvjUzvj(l < 
j < 4) and T5 = yx U xy' U y'z and Tq = yx' U zx' U and Tj = zyU yz' U z'x form n — 3 
pairwise edge-disjoint trees connecting S (See Figure 5 (j)), where {wi, w?2, • • • , w n -io} = 
^(C) \ {x,y,z,x , ,y , ,z',v 1 ,v 2 ,v 3 ,V4}. 

The proof is now complete. □ 
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